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Intreduction

The penetration of low frequency electromagmetic waves inte
conducting media such as the sea or the ground has received censiderable
attention for undersea and geedetic explorations as well as fer
communications, For such applications the field distribution within
the medium as well as the distribution on the surface ef separatien
with air are of interest. In the following the conducting medium is
considered as uniform, unbounded in the horizontal direction, and bounded
by a horizontal surface of given surface impedance at a depth d. The
electromagnetic fields of interest have very low frequencies; examples
are the fields at 10 kc to 20 ke used for navigationmal purposes, the
fields produced by lightning or those obtained by man-made dischargel(l).
At sufficient distance from the source these fields prepagate as plane
waves, guided hy the plane surface of separation between air and
conducting medium, More rigorously the proparation is determined also
by the ienesphers, but in the following study the effect of the latter
will be neglected.

In a previous paper (2) the author has analyzed the equi-
valent penetration depth of a pulsed d-c magnetic field wave into the
conducting medium, A more complete analysis, including consideration
of pulsed a-c magnetic field waves as well as of pulsed d-c or a-c
electric field waves is given in the following. Part of this analysis
was developed in a previous unpublished report (3), in vhich the
application to the design of a system for submarine detection was
deve loped, et a2 cystem is described in detail in another paper of
the Seminar (1),

“le
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1 - Distribution of Steady State Sinusoidal Fields

With reference to a rectangular system of coordinates with
the z = 0 plane at the surface of separation between air and conducting
sedium (Firure 1), 4 viaine wave with components Ex, Ea- and H¥ is
~ongidered. If O, My & and 6‘; ,)A. , €, are respectively conductivity,
permeability and permittivity of the dielectric and of the conducting
media, and if it is assumed that the media are unbounded except at
the 2= C plane, the field distributicn of a low frequency plane wave

(5,6)

rropagating in the x direction is expressed as follows
ir
z20 * o
A = #H, X [dwi' %Xx - fééz

H
E.= -k y -7
2 jwee ¢ f—o/{; (1)

- - W Moéo
o= L

Z2 = O conducting medium

N7 = HO Q«X/- [jwf - k,,)r —fe’?J

E. S - jwiMed y

2 T &

E = -\ WM, 17 (2)
¢

” G Mo
&e X =W Vpoto TN

(3)
£, = Vyjwnae .
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The Ez component varies discontimously frem z < 0 to z> 0
decreasing in the ratio 1 wto /q'. Furthermore, at 24 O ) Ex is much
smaller than E, and leads it by T /L radians; on the other hand at

2>0 E_1is mch larger than E _ and lags it by T /L radians. Without

2
loss of generality the investigation may be cenfined te the case of a

plane wave of components Ex’ Hy normally incident on the z = O surface.
The field distributien in the conducting medium is described by the wave

equation
2 L -
) el X E]_
e P T w] [+] =0 "

where the last term, representing the displacement current, may be
neglected in general.
Considering a plane wave of type

E = E, zx(a):jwt- &t'a]

x

HV: H, e¢xp [J.""t - *z‘?] o ®

and assuming that the conducting medium is bounded by a horizontal

plane of surface impedance Z, at depth d, it is found that the ratio

f 3
of the Fourier transforms E_ (z,w) and H_(2,w) at z = 0 is expressed

as follows

E,(Ow éCosA Rld + 2, Sk
H, (0] Cook &d + _':.a Simht,'d

o

(6)
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r W
where Zo = ‘C-T-)f ! is the wave impedance of the conducting medium,
\
In particular, if z}-.-_ 0, i.e. if the boundary is a perfect conducter,

the sabove ratio reduces to the expression

ro y2d v, 2d

EK ] Z /th’d //w,a Sln‘f ~) SlMT

[0 w} 631/\3,-.! + S %_i
vhers r =y %/N '6; is the so-called penetration depth. The

riinde and vhase angle of the latter expression are plotted in
Fi~:re 2 ag functions of the ratio 4/ { ; examination of Figure 2 shows

that the signifieapt range of variation of these quantities is approxi-

mately 0 2< S e In a practical application, assuming that the zs =0

soundary conditions applies,the measurement of the magnitude and/or
phase of (7) provides a means for the determination of the depth d

at which the discontinuity is located, More generally, if the boundary

Fas non zero surface impedance Z', the measurement may be used either te

dateemine d, if Z. is known, or Zg if d 13 known,

It is of interest to note that, since Ha {0' u) 1s related
to *«“{Ot u)} in air by the second of eq.s(1), the previous censider-
&t ~Josz are readily extended to the ratio Ex [ol W)/ E 2( Q w) vwhere
E, w) is measured in air at the Z = O surface, With

reference 10 a3, (7) one has

o, w IO
F [0 =\ [ ‘//_t‘il" Tomh R 'd
- Mo G,

E, Lol
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Generally the measurement of E is obtained by means of a dipole antenna,

while that of H is obtained by means of a loop antenna.

A transmission line analogy of the previous analysis is

readiiv set up, representing equation (6) as the input impedance of

Ll

Iime with sepries parameters R= 0, L ::,‘.N and shunt parameters

oz f’ N, O = 6; N , where N is an arbitrary factor. Alternatively

an

”
vy

(57 may hs represented as the input admittance of a line with
s ravameters RO G'; N, L =& ”and shunt parameters C=}l’/y ’
!

= 0 {Fizvre i)e The use of these transmission lines permits the

tilization of methods ¢f measurement by substitution or by comparison,

thareby erhancing the sensativity cf thz techmijue, For example, one

can

tn: .oad impedance Z_, anid the distance d of the analog line
S

until tpe input impedance becomes equal to that measured at the air-

fraund

¢ #ir-ses interface, Similarly, otner methods of measurement

mry reailly te derived,

I - Distritution of Transient Fields

e s st v

T:a analysis of the distribution of transient fields may be

pertermed wisn 8 similar rormalism, using Laplace transforms of the E

e

2 d ¥ rieice, Assuming that the said fie)ds are zero at t £ 0, the

rave @33t ion 18 written as follows

S “

|| E[as]
é._ - q S — & 5 ] [ = 0
! C'l _21 ' )4 /« H’ [2. 33 (9)

1

s Bo(g,e) and i (%,3) are the Laplace transforms of E (z,t) and

5 .

Y orvmectively,  The menecal olution of the wave equation

wsir a5 8 !lirear combinaticn ~! two exponentials; if the

. Yy
.
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presence of the beundary plane at depth d with surface impedance z.
is postulated, the surface impedance at z =0 is written as follows

E, (03 2, Cosh byl + 2, Somh B,

= (10)

H, (o) Covh Rol + 2%. Sk R'd

¢
)
where Z‘,:"/ SMI6; amd {,21__: m .

In particular, if z'=- 0, the latter expression is written more simply

as follows

_E.i{ﬁ = 22 T ok Y SH T, d (11)
H, .y %

Ey. (10) represents a boundary condition of the problem, relating the
laytace transforms of E and H at z = O. In particular if z' = 0, it

refuces the eq. (ll)/ and if d= 00 , it reduces to the familiar

EK{O,SJ - ‘/i/f_f (12)
/-/}(o, s) o

The lattar case is generallv more easily handled with the available

Lapiace transform tables. For example, in Table I the field distrie
tutions for the cases of a step d-c electric field, a step d-c magnetic
field, a step a~c electric field and a step d-c magnetic field are
riven in complex form as well as in the time domain. Step electric
Iields may be generated at the z = O surface using a source of very low
internal impedance, while step magnetic fields may be generated using

sources of very high internal impedance. For example, fields generated

<Ge
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Table I - Field Distributions at Depth # for o = ©©

Apvlied Field

Field at Depth 2

Ex((:”):E" 5

EX é' él ) iouk}

H}("n*}-"?fmvfg y

/

EGs = £, I exp [-Vons 2)
Efet)= £ erfe ($75) ub
32
Ht)= £, 8 E 2] 2 ente (378 iy

HJ&' s)=;f»/s
H (0' q i ”]o ”/t/

E 6t w £t K

M‘rrt

/

Hylus)= Ky 3 exp/- Ines 2]
Hob 9 = Hoarfe (3 [25) h#)

o ep/- "“' ] u)

"'o
fﬂ' t

Ew

£ (5= 9= ? ,
*\’5) s+w )r(‘ 5) sY ot 'Q'Xf'[ ,../' 2:7 AT, .1‘.0
Ek(o,tjzf;&wt Y Ef2t]= ah,o'w £ Sma(i‘ P 4‘”‘;/«/7:
NAECEO
[ 2
”;("""’/:5{:: #é“'/ 'gf;f wwé‘ tJe'%a,
(w Z/"" “wZz
e
H, w
#J&”‘sif; a‘(a g = H, .M..t wp [- a/«;«s_] )
< M0 3w
. (N ﬂi_
- P - Ic-
i @'fs‘ Lt =t gz /T / Simwl-) [ al,6, w- 2wz7£ﬂ4‘%}z“
™ 4@0;,!/3 &og
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by sources within the atmosphere may be considered as step magnetic
fields because the wave impedance of air is much larger that that of
pround or sea, On the other hand step electric fields may be applied
At z - C by penerating a step potential difference across two parallsl
electrodes located at the z— O surface; similarly, step magnetic
fields may be applied at z = O by penerating a step current in a loop
with axis on the 2z = 0 surface,

Plots of the field distributions for the cases of step d-c
electric fields and step d-c magnetic fields are given in normalized
form in Figures )i and 5 using as independent variable t# — 4-%'5-'- 22.
For a given value of z, except z= O, the abscissas are prepertional
to the real time, For completion, the plots of Figures } and 5
include also the distributions of pulses of normalized duration T;’:: l,
i.e, of real duration T&:ﬁ‘c;iz where z is a given value., It is of
interest to note that, when a rectangular pulse d-c electric field is
applied, the corresponding electric field is an alternating pulse. The
zero cross-over point of the latter pulse is a function of the distance
% and of the duration To. Indicating with T' the time of zero cross-

over, one finds the following relationship

2Tt 1=

KR

z = ——= (13)
M T T
T LT, ek

The latter rrsuit could be of interest for application to technijues of
ranging or of communications hetween two points within the dissipative
medium. In fact, if a plane wave consisting of a rectangular pulse d-c

marnetic field is cenerated at one point and is received at the other at

CONERJENTIAL
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distance L, the measurement of T' provides information about L if '1'o

is knewn, or about T, if L is known. In addition radar like techniques
of ranging may be applieds A nurmerical example with medium corresponding
to average sca water (/f' :'/"o ,6':4 W’”‘) and with H =1 A/my L =100 m,
Te — 25 msec has been computed and is plotted in Figure 6. It is seen
that T'= L0.5 mses and that the peak values of the E and H pulses are
respectively 1.2 mV/im and 0.33 A/m at such distance.

Plots of the field distributions for the cases of step a-c
alectric fields and step a-c magnetic fields camanot be given in
normalized form, because the fields are represented by means of integral
expressions, which cannot be computed in terms of known tabulated
functions, For this reason a numerical example has been comnuted,
assuming that z/; = 2 m//i = T/2 . The distributions of the
electric field component Ex versus pt at 2 = né?@ﬁ are shown in
Figures 7 and 8 respectively for the case of an abruptly applied sine
wave Ex(o‘ é) and of an abruptly applied sine wave /L{}ﬁ?, ¢ .

More generally, by application of the boundary condition (10)
(or in particular (11)), it is possible to evaluate the distribution of
transient fields at the z = O surface as determined by the presence of
a boundary of surface impedance Zs at depth z. However, the analysis
in general is very cumbersome and does not lead to sufficiently simple
expressions. If the transmission line analogy previously described is
utilized, the distributions may be obtained in analog form, and may be
applied directly for practical methods of measurement based on sub-
stitution or on comparison procedures, similar to those described for

the case of steady state fields,
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III - Cenclusiens

In . puewbous analysis the distributions of steady state
and of transient electremagnetic plane waves at the surface of separatien
betwsan air and ground (or sea) have been computed. These distributions
are important for such applications as undersca and geddetic explorations
from points lqcated outside the cpnducting riedia; the methods of measure-
ment may be simplified by use of a transmissien line analogy, which
permits the use of comparison or of substitution methods.

In addition, it - 1 shown that if a rectangular pulse
d-c magnetic plane wave is transmitted from a point within the conducting
medium and received at another point of the same, the system may be used
for purposes of ranging er fer purposes of cemmunication between trans-

mitting and receiving stationms.
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